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Abstract. In this paper we deal with the exterior problem for a system of nonlinear 
wave equations in two space dimensions, assuming that the initial data is small and 
smooth. We establish the same type of lower bound of the lifespan for the problem 
as that for the Cauchy problem, despite of the weak decay property of the solution in 
two space dimensions. 
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1. Introduction and statement of main results 

Let Q be an unbounded domain in R" (n > 2) with compact and smooth boundary 
dQ. We put O := R" \ fl, which is called an obstacle and is assumed to be non-empty. 
We consider the mixed problem for a system of nonlinear wave equations : 

(1.1) {d'f - A)u, = Fi{du, V^du), {t, x) e (0, oo) x Q, 

(1.2) u{t,x) = 0, {t,x) e {0,oo) X dQ, 

(1.3) u{0,x) = e(f){x), dtu{0,x) = e^jj{x), xGfi 

for 2 = 1,...,A^, where u = {ui,U2 ■ ■ ■ ,un) is an unknown function, A = X]J=i'9|, 
dt = do = d/dt, dj = d/dxj (j = 1, . . . , n), and e > 0. We assume (p, ^ E C^{n;R^), 
namely, they are smooth functions on Q vanishing outside some ball. We also assume 
that Fi{du,'Vxdu) is a smooth function satisfying 

(1.4) Fi{du, V^du) = 0{\du\i + | V^9u|«), l<i<N 

around {du, Vxdu) = for some integer q > 2, together with the energy symmetric 
condition. 

We suppose, in addition, that (0, ip, F) satisfies the compatibility condition to infinite 
order for the mixed problem fll.ip - fll.3p . that is, {dlu){0,x), formally determined by 
f ll.ip and fll.3p . vanishes on dQ for any non- negative integer j (notice that the values 
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{dlu){0,x) are determined by ((/>, successively ; for example we have d^u{0) = 
A^cj) + F{ip, Vx4>), and so on). 

It was firstly shown by Shibata and Tsutsumi [21] that the mixed problem for (11.11) - 
(11. 3p admits a unique global solution for sufficiently small initial data, when either n > 6 
and g>2or3<n<5 and q > 3, provided O is non-trapping. Although the dispersive 
property is getting weaker as the spatial dimension is lower, there are already many 
contributions for the case where 3 < n < 5 and q = 2 (see [H [5] , [6] , [9] , [TOl [11] , [15] , 
[T7] . [IB], [IH] and the references cited therein). 

However, up to the author's knowledge, there is no literature about the exterior 
problem (ll.ip - (ll.3l) for the case n = 2. The aim of this paper is to treat the problem 
in that case, by assuming that g = 3 in (11.41) and O is star-shaped. We remark that 
when n = 2, the cubic nonlinearity is on the critical level concerning the global existence 
theorem for small initial data. Indeed, if = 1 and Fi = (dtu)^, then one can show 
a blow-up result from a corresponding result for the Cauchy problem (see e.g. [H]), 
because of the domain of dependance. 

Let us denote the lifespan by T^, i.e., the supremum of all T > such that a classical 
solution to the problem ([III])-([OD exists in [0, T) xH. Then we find that < exp(Ae-2) 
holds for some positive constant A, in view of the argument in [T3]. Therefore, it is 
natural to ask whether the above upper bound of the lifespan is optimal with respect 
to e or not. In this paper we shall establish an affirmative answer to this question as 
follows. 

Theorem 1.1. Let n = 2 and let (p, ip & C°°(f2;R^) vanish outside certain ball. As- 
sume that {(f), ip, F) satisfies the compatibility condition to infinite order for the problem 
(ll.ip -( !L3|) . O is star-shaped, and F satisfies (II. 4p with q = 3. Then there exist positive 
constants Eq, C such that for alls G (0,£:o]i we have > exp{Ce~'^) . 

Our proof of the theorem is based on the cut-off method used in [21]. Because the 
decaying rate of the local energy is actually weak when n = 2 (see (13. 3p below), we need 
a careful treatment for getting weighted pointwise estimates given in Theorem 14.21 below 
from those for the corresponding Cauchy problem due to Kubota [TB] , Di Flaviano [2] and 
Hoshiga and Kubo [8]. Unfortunately, the resulting pointwise estimate for derivatives 
of the solution is not good enough, unlike the case of n = 3, for handling the boundary 
term arising from the integration-by-parts argument. The main idea to overcome the 
difficulty is to make use of the stronger decay property for the time derivative of the 
solution than that for the space derivatives of the solution. This stronger decay property 
for the time derivative is deduced from the fact that the boundary condition is preserved 
under the differentiation in time. 

As in the work of [S] , we shall use a part of the vector fields of the Lorentz invariance: 
(j = 1; 2), and O12 = Xid2 —x-^di, because the boundary condition makes difficult 
to use tdj+Xjdt (j = 1, 2) and tdt+x-Vx- We also remark that the geometric assumption 
on the obstacle will be used for assuring the decay of the local energy. 

This paper is organized as follows. In the next section we collect several notation. In 
the section 3 we give some preliminaries needed later on. The section 4 is devoted to 
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establish the weighted pointwise estimates (14 .Sp and fl4.9p below. Making use of these 
estimates, we give a proof of the almost global existence theorem in the section 5. 

2. Notation 

For H = {vo,viJ) e H\n) x L^{n) x ((0, T); L2(fi)) , we denote by S[E]{t,x) the 
solution of the mixed problem : 

(2.1) {d^-A,)v = f, {t,x)e{0,T)xQ, 

(2.2) v{t,x)=0, {t,x) e {0,T) X dQ, 

(2.3) f (0, x) = fo(x), {dtv){0,x) = vi{x), x G ^2. 

We sometimes write vq = {vo,vi) in what follows. We denote by X(T) the set of all 

S = {vo,v,,f) = (voj) e C^{n;R') X C~([0,T) x H; R) 

satisfying the compatibility condition to infinite order for (I2.ip - (l2.3p . i.e., (c^u)(0,x), 
determined formally from (12. ip and (12. 3p by 

(2.4) v,{x) = Av,.,{x) + {drfmx) (j>2) 

vanishes on dQ for any non-negative integer j. Here / G C^([0,T) x Q; R) means that 
/ G C°°([0,T) X n;R) and /(t, ■) G for any fixed t G [0,T). In addition, for 

a > 1, Xa(T) denotes the set of all E = {vo,vi, f) E X{T) satisfying 

vq{x) = vi{x) = fit,x) = for |a;| > a and t G [0,T). 

Besides we set K[vo] = S[{vq,0)] and L[f] = 5[(0,0,/)]. 

Similarly, for {wo,wi,g) G //^(R^) x ^^(R^) x L°° ((0, T); L2(R2)) , we denote by 
So[{wo, Wi, g)](t, x) the solution of the following Cauchy problem: 

(2.5) id^-A,)w = g, (t,x) G (0,r) xR2, 

(2.6) w{0, x) = Wo{x), {dtw){0, x) = Wi{x), x G R^. 

Besides we put A'o[tyo] = 'S'o[(tyo5 0)] and Lo[g] = So[{0,0, g)], where wo = {wq,wi). 
We denote 

Zo = do = dt, Zj = dj (j = 1, 2), Z3 = O12 = Xid2 - Xa^i. 
Then we have 

(2.7) Zj{d^ - A) = {d^ - A)Z^ for J = 0,1,2,3. 
Denoting Z"' = Zq° ■ ■ ■ Z^^ with a multi-index a = {oq, . . . , 0^3), we set 

(2.8) \^{t,x)\m= Yl Mt)\\m=\\\^{tr)\m:L\n)\\ 

\a\<m 

for a real or R^-valued smooth function (f(t,x) and a non-negative integer m. 



4 



H. KUBO 



For z/, K G R, we define 
(2.9) 

(2.10) ^.(t) = 

where we have denoted 
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for A > 1, and (s) = a/1 + |sp for s G R". Besides, for p, k G R and c > 0, we put 

(2.11) z,,^,,it,x) = {t + \x\y{ct-\x\y, 

(2.12) l^p,.(t,x) = {t+ |x|)^(min{(|x|) , (t - Ixl)})", 

(2.13) Wp{t, x) = {xy^'^ {t - \x\)-' +{t+ {t - \x\)-'/^ . 
Note that for 1/2 < p < 1 we have 

(2.14) Wpit,x)<C{Wi/2,i/2{t,x)y\ 

(2.15) Wp{t, x) <C {ty if |a;| < 2. 
We define 

(2.16) ||/(t):iV,.(>V)|| = sup {xf^W{s,x)\f{s,x)\k 

(s,x)g[0,t]xf7 

for t G [0, T), a non-negative integer k and any non-negative function W(s, x). Similarly 
we put 

(2.17) \\g{t):Mj,{W)\\= sup (x)^/' >V(s, a;) |^?(s, a;)^. 

(s,x)G[0,t]xR2 

Let p > 0, and /c be a non-negative integer. We define 

(2.18) Ap^k[vQ,Vi] = sup {xy {\vo{x)\k + \VxVo{x)\k + \vi{x)\k) 

for a smooth function (fo,^^i) on Q, and 

(2.19) i3p,fc[wo,wi] = sup {x)^ {\wo{x)\k + \ VxWo{x)\k + \wi{x)\k) 

for a smooth function (wq^Wi) on R^. 

For a > 1, let '?/'a be a smooth radially symmetric function on R^ satisfying 

(2.20) V^a(x) = (|x| < a), iJa{x) = 1 i\x\>a + l). 

We put Br = {x G R^; |x| < R} for i? > 0. We may assume, without loss of 
generality, that O G Bi hj the translation and scaling. Hence we always assume it in 
the following. For i? > 1, we set Qr = Br. 
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3. Preliminaries 

First we introduce an elliptic estimate, whose proof will be given in Appendix A for 
the sake of completeness. 

Lemma 3.1. Assume that O is star-shaped. For (f G H"^{Q) fl Hq{Q) with an integer 
m{> 2), we have 

(3.1) < C{\\A,^:H"^-'m + \\V.^:L\n)\\). 

\a\=m 

Next we derive an estimate for the local energy of solutions to fl2.1l) - fl2.3p . We put 

Lemma 3.2. Assume that O is star-shaped. Let a, b > 1, 7 G (0, 1], and m be a 

non-negative integer. Then for {vq, f) G XaiT), there exists a positive constant C = 
C{'-f,a,b,m) such that fort G [0,T), we have 

(3.2) J2 {ty\\d''S[{voJ)]{t):L\n,)\\ 

\a\<rn 

<c(\\vo:n"'^\n)\\+ V sup (s)^||9"/(s):L2(fi)||). 

Proof. It is known that there exists a positive constant C depending on a, b such that 

(3.3) Yl \\d^K[m):L\n,)\\ <C {tr\logi2 + t)r^$o:n'^m 

\a\<l 

for any 00 = (^c^i) G Hq{Q) x L^(fi) satisfying (po{x) = 4>i{x) = for \x\ > a (see for 
instance Morawetz [20], Vainberg |22]). 

Now let {vq, f) = {vq,vi, f) G XaiT). Then, by Duhamel's principle, it follows that 

(3.4) &,S[{vojmx) 

= K[{v,,v,+^)]{t,x)+ [ K[{0,{dif){smt-s,x)ds 

Jo 

for any non-negative integer j and any (t, x) G [0,T) x Q, where Vj are given by (12.41) . 
Apparently we have (c^/)(s, ■) G L^(f2) for < s < t. Thanks to the compatibility 
condition, we also find Vj G Hq{Q) for any j > 0. Therefore, by (13.31) . for |a| < 1 and 
7 G (0, 1], we have 

(3.5) \\d'^K[v,]{t):L'{n,)\\ < {ty' {\og{2 + t)r'\\v, -.n'm 

<c{tr'{\\vo:wm+ E widvm-.L'm) 

\a\<j-l 
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with Vj = {vj,Vj+i), and 

(3.6) f \\d^K[{0,id{f){smt - s) : L\Q,)\\ds 
Jo 

<C f{t- sy' (log(2 + t - s))-' mf)is):L'{n)\\ds 
Jo 

<C{tr sup {sy\mf){s):L\n)\\. 

0<s<t 

Hence for |a| < 1 and j > 0, we get from (13. 4p 

(3.7) \\d''diS[ivoJ)m:L\Q,)\\ 

<C{trm\vo:Wm + Yl {sy\\d-fis):L\n)\\). 

In order to evaluate d^d^v with |a| > 2 and j ' + |a| < m, we make use of the following 
variant of (13. ip : 

(3.8) y-.H'^in.n < c{\\A.,^:H"'~\nb')\\ + y:H\n,,)\\, 

where 1 < b < b' and ip G H^^iVt) fl HliVt) with m > 2, together with the fact that 
AxS[{vo, /)] = d'fSlivQ, /)] + /. In this way, we obtain (13. 2p . This completes the proof. 

□ 

Next we prepare three lemmas concerning the Cauchy problem. The first one is the 
decay estimate for solutions of the homogeneous wave equation, due to Proposition 
2.1] (observe that the general case can be reduced to the case m = 0, thanks to (12.71) ). 
We recall that (^^{t,x) and ^k(^) were defined by (12.90 and (12.101) . respectively. 

Lemma 3.3. For G {C^{B?)f, u > and a non-negative integer m, there is a 
positive constant C = C{v,m) such that 

(3.9) {t+\x\Y/^<^,.i{t,x)\KQ[vo]{t,x)U < Ci3.+(i/2),™[^7o] 
for {t,x) e [0,T) X R2. 

The second one is the decay estimates for the inhomogeneous wave equation. 

Lemma 3.4. If u > 0, k, > 1 and m is a non-negative integer, then there exists a 
positive constant C = C{v, k, m) such that 

(3.10) {t+\x\y/^<!},^i{t,x)\Lo[g]{t,x)\m 

<C^.{t+\x\)\\g{t):M^{W,,,)\\ 

for {t,x) e [o,r) X R2. 

Proof. Let \a\ <m. It follows from (12. 7p that 

(3.11) Z"LoM =i:o[Z"(7]+i^o[(0a,V^a)], 
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where we put 

= (Z°LoM)(0,x), = {dtZ^L,[g\){Q,x). 

From the equation (12. 5 p we get 

|/3|<|a|-2 l/3|<|ahl 

with suitable constants C/3, C^. Therefore, by (13. 9p . we get 

|a|<m— 1 

<C||^(0):M^_i(iy,,«)l|. 

Hence, in view of (13. lip , it is enough to show (13.1 OP for m = 0. 

If we set z^^^.c{s,y) = {s + \y\y {\y\ — cs)^, then we have 

{W,,,{s,y))-' < {z,^^,o{s,y))~^ + iz,,^-i{s,y))-\ 

so that 

(3.12) \Lom,x)\ < \\git):Mo{W,,.)\\ \Lo[W-^]{t, x)\ 

< \\git):MoiW,,.)\\ (|Lo[^-y (t, x)| + |Lo[^-^^i](t, x)|) 
for {t,x) G [0, T) X R^. Since it was shown by [2j, Proposition 3.1] that 

(3.13) {t+\x\y/^<^>,.^{t,x)\Lo[z-X^]{t,x)\<C^^{t) 
holds, we have only to show 

(3.14) {t+\x\y/^<^,^i{t,x)\Lo[z;Xo]it,^)\ < C^-W- 
Following the proof of PJ Proposition 3.1], we obtain 

f rt+r 
lJ\t-r\ 

— r — a) 

Jo 

where we put r = 

Via) = r (^)-^+(^/^)(/3 + r + t)-V2d/3, 



0(r,t) 



if < t < r, 

1 if t > r 



(Notice that ct + r — t>0 if a> \t — r\). Therefore, once we find 

(3.15) V{a) < C{ay/^ {a)^^~''^+ {t + r)-^/^ 

for < a < t + r, then we get (I3.14p by Lemmas 3.3 and 3.4 in [2]. 
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We are going to show fl3.15p . When < t + r < 1 or (t + r)/2 < a < t + r, it suffices 
to show that V{a) < C{a)^^^'^'^+. Sphtting the integral at /3 = —a + 1, we get 

-a J-a+1 ^ 

since /9 + r + t>/3 + a>(/3 + a + l)/2ifa<t + r and /3 > —a + 1. This estimate 
yields f l3.15p . On the other hand, when t + r > 1 and < a < (t + r)/2, we have 
/3 + r + t > (t + r)/2 if /3 > -a, hence 

J -a 2 

The last integral is bounded by C {a)^^'^'^^^^'^^^+ < C{a)^^'^ when k > 1. Thus we obtain 
fl3.15p . This completes the proof. □ 

The third one is the decay estimates for derivatives of solutions of the inhomogeneous 
wave equation. 

Lemma 3.5. If < u < 3/2, /i > 0, k > 1, < ?7 < 1, and m is a non-negative 
integer, then there exists a positive constant C = C(z/, K,fi,m) such that we have 

(3.16) {w^{t, x)y^\dt^^Lo[g]{t, 

(3.17) {wi_r,{t,x))~'^\dt^^Lo[g]{t,x)\^ 

< Clog(2 + t+ |a:|) ||^?(t):M„+i(iyi,i)|| 

for (t,x) e [o,r) X R2. 

Proof. Let |a| < m. Then we have 

(3.18) dt,.Z^Lo[g] = dt,.Lo[Z^g] + 9i,,Ko[(0a, ^a)] 
from (13. lip , and 

d,Lo[Z''g]=Lo[d,Z''g] {i=l,2), 

(3.19) dtLolZ'^g] = Lo[dtZ''g] + /^o[(0, (^"^?)(0))]. 

First we prove fl3.16p . By (]B.6P it suffices to show 

(3.20) iw,it,x))-'\dt,.Ko[i(l)c.,iJc.)]it,x)\ 

< C*i+^(t+ |x|) \\g{0):Mm+ii 

(3.21) iw,{t,x))-'\Ko[{0,{Z^gm)]{t,x)\ 

< C*i+^(t+ |x|) \\g{0):Mm+ii Zu+iJ,,l;0)\\- 

We shall show only fl3.20p . because the proof of the other is similar. 
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When < < 1/2, by (13.91) with v replaced by 1 + z/, we get 

(t+|x|)i/2(t-|a:|)n9i,,i^o[(0a,^a)](t,x)| 
<C^\\ (■)(3/')+'^(Z"^)(0):L°°(R2)|| 

<C||^?(0):M^(z,,i.o)||. 
On the other hand, when z/ > 1/2, by (13.91) with z/ = (3/2) + /i, we get 

(3.22) (t + |x|)i/2|^t,,^^[(0«,7A,)](t,x)| 

< C^i+^(t - \x\)\\g{S)) : M,„(2;(i/2)+^,i.o)||. 

Thus we obtain (I3.20p . 

Next we prove (13.171) . It follows from (1B.6P and (IB. 71) with 1^=1 — rj, fi = r] and 

K, = 1 that 

{wi.r,{t,x))-^\Lo[dt,^g]{t,x)\m. < C log(2 + t + |x| ) \\g{t):M^+^{W,^^)\\. 

Since it is easy to see that (I3.22p is still valid if we replace 2;(i/2)+/^,i;o by 2;(i/2)+/i,i;i5 we 
find (I3.17p . This completes the proof. □ 

Finally, we introduce the following Sobolev type inequality, whose counterpart for the 
Cauchy problem is due to Klainerman [12]. Since the proof is similar to the case of 
n = 3 (see e.g. [9]), we omit it. 

Lemma 3.6. Let ip G Cq{Q). Then we have 

(3.23) sup (x)'/' \^{x)\ < C J2 \\d:0',,^:L\n)\\. 

\a\+k<2 

4. Basic estimates 

First of all, we prepare the following lemma which will be used to prove Theorem 14.21 
below. Recall that we have assumed O G Bi. 

Lemma 4.1. Let O he star-shaped. Let a, 6 > 1, < /? < 1, /i > 0, k > 1, ?7 > 0, and 

m is a non-negative integer. 

(i) Suppose that x is a .smooth function on satisfying suppx C Bi,. If'B. = {vq, f) G 
Xa{T), then there exists a positive constant C = C{p,a,b,m) such that 

(4.1) {ty\xS[E]{t,x)\m 

<CAp+i,^+i[vo]+C Yl sup {sy\d^f{s,x)\ 

l;3j<^+i('^-^)e[o,i]xn„ 

for (t, x) G [0, T) X n. 

(ii) Let w and g are smooth functions on R^ and on [0, T) x R^, respectively. If 
supp5'(t, ■) C Ba\Bi for any t G [0,T), then there exists a positive constant C = 
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C{p, fi, a,m) such that 

(4.2) \Lom,x)U<CY, sup {sy/Vg{s,x)\ 

\l3\<m {«.2:)e[0,t]xn^ 

and 

(4.3) iwpit,x))-'\dLo[g]{t,x)\m 

<Cvl>i+^(t+|x|) ^ sup {sr+^\d^gis,x)\ 

\l3\<m+l {s,xMO,t]x^a 

for {t,x) e [0,T) X n. 

On the other hand, ifwo{x) = g{t, x) = for any (t, x) G [0, T) x Bi, then there exists 
a positive constant C = C{K,b,m) such that 

(4.4) {ty/'\So[{wo,gm,x)U 

< CAs/2,m[^o] + C^.it + \x\)\\g{t):Nm{Wi,,)\\ 

and 

(4.5) {ty-^\dSo[{wo,g)]it,x)\m < C^2,m+i[^o] 

+ Clog(2 + t + |x|)||(7(t) :iV^+i(l^i,i)|| 

for (t,x) e [o,r) X o;. 

Proof. First we note that 

(4.6) \h{t,x)\m<C J2 \d''h{t,x)\ 

|/3|<m 

holds for any smooth function h on [0, T) x Q (or on [0, T) x R^) with supp h{t, ■) C Bji 
for some R{> 1). 

We start with the proof of (gl]). Let E = {vq, f) e Xa{T) and < p < 1. For 
(t, x) G [0,T) X f2, by (14. 6p . the Sobolev inequahty and (13. 2p . we get 

{tY\xsmt,x)u 
<c{trj2 \\d^sm):L'{n,)\\ 

|/3|<m+2 

<C\\vo:'H'^^\n)\\+C sup {srJ2 \\d^fi^)--L\m- 

|/3|<m+l 

Since supp/(t,-) C imphes ||9^/(s) :L2((])|| < C||5''/(s) : L~(fiJ||, we obtain (|4A|) . 

Next we prove By (I3.10p with z/ = 1/2 and k > 1, we find that the left-hand 

side on ( 14. 2p is estimated by 

C||^7(t) : Mm{Wy2,.) II < C|| (7(t) : iV^(l^i/2,.) || 

because supp (^(t, ■) C Ba \ Bi. Since |x| < a on supp5'(t, x), we get (14. 2p . Similarly, if 
we use (I3.16P with u = p and k > 1, instead of (I3.10p . then we get (14. 3p . 
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Next we prove (I4.4p . From ( 13 .yp and f l3.10p we have 

{t+\x\y/^%{t,x)\So[{wo,g)]{t,x)\^ 

< CBy2Awo] + + |x|) \\git):Mm{W,,^)\\ 

for (t,x) G [0,T) X R^. Since ^o(t,x) is equivalent to a constant when x G fib, we get 
(14. 4p . because of the assumption on Wq and g. 

Finally, we prove (14. Sp . From ( 13. 9 p and ( 13.17P we have 

(wi_^(t, x))"^|9S'o[(wo, 

< CB2,m+i[wo] + Clog(2 + t + r) ||^7(t) : M„+i (1^1,1) || 

for {t,x) G [0,T) X R2. Recalling ( I2.15p . we get (^i^. This completes the proof. □ 

Now we are in a position to state our basic estimates for solutions to the linear mixed 
problem. 

Theorem 4.2. Let O he star-shaped and S = ({To, /) ^ ^{T)- Let k he a nonnegative 
integer and k > 1. 

(i) It holds that 

(4.7) |5[S](t,x)|fc < C(^3/2,fc+3N + ^.{t+\x\)\\f{t):Nk^^{W^^,)\\) 

for (t,x) G [0,r) X n. 

(ii) For < p < 1/2 anc? 5 > 0, we /lawe 

(4.8) \dS[mt,x)\k < Cw,/2it,x) iA2+5,k+4[vo] 

+ \og{2 + t+\x\)\\f{t):Nk+s{W^M 

+ Cwp{t,x)^^s/2)-p{t+\x\)^^{t+\x\) \\f{t):Nk+^{Wi^^)\\ 

for {t,x) G [0,T) X n. 

Moreover, for < 77 < 1 and 6 > 0, we have 

(4.9) \ddtS[E]{t,x)\k < Cwi^^{t,x) {A2+s,k+5[vo] 

+ {iog{2 + t+\x\)f\\ fit): Nk+,{W,,i 

for {t,x) G [0,T) X n. 

Proof. First we prove (14. 7p . We use the following representation formula based on the 
cut-off method : 

4 

(4.10) 5[S](t,x) =7/;i(a;)5o[^2S](t,x) + ^SaS](t,x) 

1=1 
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for (t, x) G [0, T) X Q, where ipa is defined by f l2.20p and we have set 



(4.11) 






(4.12) 


52 1 


[E]{t,x 


(4.13) 


^3 


[E]it,x 


(4.14) 


^4 


[E]{t,x 



By ([33D and (ISTTOD we have 

{t+\x\f' %{t,x)\Mx)So[tP2E]{t,x)\, 

< CA3/2,kWo]+C^n{t+\x\)\\f{t) : Nk{Wi,^)\\. 

Next we shall estimate Si[E] and 5*3(2]. It is easy to check that 

-A,]h{t, x) = h{t, x)A,ilj,{x) + 2V, h{t, x) ■ V, M^) 

for {t, x) E [0,T) X Q, a > 1 and any smooth function h. Note that this identity 
implies {0,0,[ipa, —Ax]h) G Xa+i{T) for any smooth function h and a > 1, because 

suppV xipa U suppA^ipa C -Ba+1 \ Ba- Therefore, by (14. ip with p = 1/2 and (14. 4p . we 
obtain 

(4.15) {ty/'\s,m,x)\k 

<C J2 sup {sy/'\d^So[mis,x)\ 

< CA3/2,k+2[vo]+C^n{t+\x\) \\ f (t) : Nk+2{W,^.)\\ 

for (t, x) G [0,T) X f2. Similarly, since we have (1 — ip2)E G X^lT) for any S G ^(7"), 
(HT^ with p = 1 /2 leads to 

(4.16) {ty/^\S3[E]{t,x)\k < CAs/2,k+iH] 

+ C J2 {sy^Vfis,x)\ 

\l3\<k+l is,x)&[0,t]x^3 

for {t,x) G [0,T) X n. Since supp5i[S] C (i = 1,3), f lTOll and fHlHll imply 

{t+\x\y/'\S,[E]it,x)\, < CA,/2,k+2[iro] 

+ C^^{t+\x\)\\f{t) : Nk+2{Wi,.)\\ {^ = 1,3) 

for {t, x) G [0, T) X n. 

Set c/j[S] = {d'f — Ax)Si[E] for z = 2,4. Observing that g2 and (74 have the almost 
same structures as Si and ^3, respectively, we find 

sup {sy/'\d^g,[E]{s,x)\ < CAy2,m+2 
\j3\<m (*'2;)e[0,t]xn4 

+ C^^{t+\x\)\\f{t):N^+2{Wi,^)\\ 
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for i = 2,4 and {t, x) G [0, T) x f2, in a similar fashion. Note that g2 and (74 are supported 
on 54 \ B2. By ( KWf . gUD, and (g^]), we obtain 

\S,[E]{t,x)\k < CA3/2,k+3[vo] + C^.{t+\x\)\\f{t) : Nk+3{W,,.)\\ 

for z = 2, 4 and (t, a;) G [0, T) x H, and hence flOl . 

Next we prove (gS]) by using fICTI]) . Let < p < 1/2 and 5 > 0. Writing Co = 5*0 [^2^], 
we get 

By (I3.9p and fl3.17p with rj = 1/2, we see that the first term on the right-hand side is 
estimated by 

+ Cw,/2{t, x) log(2 + t + \x\) \\f{t) : Nk+i{Wi,,)\\. 

Since < C (x)"^^^ (t — IxD^"*^^^ for |x| < 2, (I4.4p shows that the second term on 

the right-hand side is estimated by 

C {xy'" {t - \x\r'/' {As/2,kWo] + log(2 + t + : NkiW^M)■ 

Therefore we have 

(4.17) \d{Mx)So[^2m^^))\k < Cw,/2it,x){A2+5,k+i[vo] 

+ log(2 + t+|x|)||/(t):iVfc+i(l^i,i)||) 

for {t, x) G [0, T) X n. 

From f l4.15p with k, = 1 and fl4.16p we have 

(4.18) {xf'{t-\x\y/'\dSi[E]it,x)\k < C^3AA:+3N] 

+ Clog(2 + t + \x\)\\f{t) : iVfc+3(W^i,i)|| {^ = 1, 3) 

for {t, x) G [0, T) X n. 

As for 5(4 [H] = (9j2 - A^)S4E], it follows from (gl]) with p = l that 

^ sup (s)|9^^4[2](s,a;)| 

|^|<„, («-a;)e[0,i]xf74 

< CA,™+2[t"^o] + C||/(t) : iV^+2(W^i,i)||. 
Therefore, by fl4.14p and (143|) with p = /i = 1/2, we get 

(4.19) {wi/2{t,x)y'\dS4E]{t,x)\k 

< CA2,k+3[Vo] + C||/(t) : iVfc+3(iyi,i)ll 

for (t, x) G [0, T) X n. 

To estimate 5(2(2] = -[ijj2, -A^]L[[iJji, -A^]So['iJj2^]], we define 52,o[^o] and 5'2,i[/] 
by replacing S'o['?/^2S] with Kq[iP2Vo] and Lo['?/'2/]5 respectively. Then we have g2[E] = 
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92,oWo] + 92Af]- By dH]) with p = (1/2) + p and (0 with z/ = l + /i(0</i< 1/2), 
we get 

<C J2 (s)^'/'^+n5''^o[^2^'o](s,a;)| 

|/3|<m,+3 {^.^)G[0,t]xn2 

< C^(3/2)+/i,m+3K] 

for {t,x) e [0,T) X n. Applying f lOll with p = 1/2 and /i > 0, we find 

(wi/2(t,x))"^|9Lo[5'2,o[^^o]](^,a;)|fc < C^(3/2)+/^,fc+4N] 

for {t, x) G [0, T) X n. 

On the other hand, similarly to the proof of fl4.15p . we get 

for {t,x) e [0,T) X n. By (jOD with /i = (1/2) - p, we obtain 

(w;,(t,x))-^|9Lob,i[/]](^,a;)U 

< CvI/(3/2)_,(t + |x|) vl>,(t + |x|) \\f{t):Nk+,{Wi,^)\\ 

for (t,a;) G [0,T) x H. Thus we get 
(4.20) \dS2[E]{t,x)\k < Ci/;i/2(t,x)^(3/2)+^,fc+4[ 



+ Cw,{t, x)M/(3/2)-p(t + \X\) ^.{t + \X\) ||/(t) :iVfc+4(l^l,.)|| 

for {t,x) e [0,T) X n. Now (SS]) follows from (HTTD . dHH]), (ICTD . and (ICTj) . 

Finally we prove fl4.9p . Let < rj < 1 and 5 > 0. Since SfSfH] satisfies the boundary 
condition, we have 

4 

(4.21) dtS[E] {t,x) = 4ji (x) So [4^2^ {t,x) + Y,Si [H] {t, x) 

i=l 

for {t,x) G [0,T) X fi, where we have set S = {vi,V2, dtf) with t'2 = Avq + /. Since 
5'o[V'2S] = dtSo[tp2E], we find from (ESI) and flaTlTll that 

(4.22) \d{Mx)So[iP2m,x))\k 

<C{t+ \x\r'^' {t - \x\r'/' A2+S,k+2[V0] 

+ C^i/2(t, a:) log(2 + t + |a:|) \\f{t) : iVfc+2(W^i,i)|| 

for (t, x) e [0, T) X n. 
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By (ji?T|) and fli3]) . we obtain 

(4.23) {ty-^\dSS]{t,x)\k 

<C J2 {sy~'^\d^So[^IJ2^is,x)\ 

< CA2,k+4[vo]+C\ogi2 + t+\x\) ||/(t):iVfc+4(m,i)|| 

for {t, x) G [0, T) xQ. 

Since ^[(1 - ip2)^] = dtS[{l - ^2)^], by gl]) we have 

(4.24) {t)\dSS]it,^)\k<CA2,,+s[vo] 

+ C {s)\d^fis,x)\ 
lPl<k+3 (^.^)e[0-*]xf^3 

for {t, x) e [0, T) X n. ^ 

Next we evaluate S'4[S]. Since 5*4 [S] = Lo[5t5f4[S]], analogously to the proof of f l4.19p . 

we get 

(4.25) {w,_,{t,x))-'\dSS]{t,x)\k 

< CA2,k+4[vo] + C\\f{t) : iVfc+4(W^i,i)|| 

for (t, x) G [0, T) X Q, if we use (14. 3 p with p = 1 — r], fi = t]. 

Next we evaluate 5*2 [S]. We define 5'2,o[''^] and 5'2,i[/] by replacing dtSo['ip2'^] with 
9tii'o[^2^^o] and dtLo[tp2f] in 

(72[S] = -[ij2,-A,]L[[^u-A,]dtSo[i^2^]], 
respectively, so that (72 [S] = 5'2,o[^o] +5'2,i[/]- By (14. ip and (13. 9p . we get 

(t)'"'|fl^2,oN(t,x)U<C ^^P (^^)'"''|5''5t/^0[^2^0](s,x)| 

|/3|<m+3 ('^-^)e[Mxn2 

< CA2,m+i[vo] 

for (t, x) G [0, T) X f2. Appling (14. 3 P with p = 1 — t], fi = rj, we find 
(u;i_^(t,x))~^|9Lo[5^2,o[^'o]](i,a;)|fc < CA,fc+5[^?o] 
for (t,x) G [0,T) X n. On the other hand, by (141!) and we obtain 

(t)'-''|^2,i[/](i,a;)U<C Y s^P (s)'~''|5''5i^o[^2/](s,x)| 

<Clog(2 + t+|x|)||/(t):iV^+4(W^i,i)|| 
for {t, x) G [0, T) X n. By f Hl3l) with p = 1 - 77 and /i = 0, we obtain 

(u;i_^(t,x))~^|aLo[c/2,i[/]](t,x)|fc 

< C(log(2 + t+ |a;|))2||/(t):iV,+5(iyi,i)ll 
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for {t, x) e [0, T) X Q. Thus we get 

(4.26) {w,_,{t,x))-'\dS2[E]{t,x)\k < CA2,k+5[i'o] 

+ C(log(2 + t + \x\)f \\f{t) : N,+,{W,^,) II 

for {t,x) e [0,T) X U. Now follows from ( K^ . K^ . f lOI|) . (lO^ . and f lOB]l . 
This completes the proof. □ 



5. Proof of Theorem 1.4 

In this section we prove Theorem 11.11 Let all the assumptions of Theorem 11.11 be 
fulfilled and let us assume O G Bi. Though there is no essential difficulty in treating 
the quasilinear case, we concentrate on the semilinear case to keep our exposition simple. 
Namely, we assume that the nonlinearity is of the form 

2 N 

(5.1) Fi{du) = ^ ^ 9i''''''idaUj){dbUk){dcUi), 

a=0 j,k,l=l 

where (a, b,c = 0, 1, 2) are real constants. 

Since the local existence for the mixed problem fll.ip - fll.3p can be proved by a standard 
argument, we have only to deduce an apriori estimate. Let m be a smooth solution to 
f ll.ip -f lL3|) on [0,T) X Q. For a nonnegative integer k, we set 

ek[u]{t,x) = {wi/2{t,x))~^\du(t,x)\k. 

Since (p, ip e C^(ri;R^), we have \\ek[u]{0) : L°°{Q)\\ < Ce. Let k > 29, and assume 
that 

(5.2) sup \\ek[u]{t):L°°{n)\\ < Me 

0<t<T 

holds for some large M(> 1) and small e{> 0), satisfying Me < 1. 

Because the decay property is weak when n = 2, we need to refine a treatment of the 
boundary term arising from the integration- by-parts argument, compared with the case 
n = 3. Namely, we shall make use of rather stronger decay of the time derivative based 

on fra . 

5.1. Estimates of the energy. In this subsection we shall prove 

(5.3) ^ ||9"aM(t):L2(l])|| < CM£(l + t)^»^^'^', tG[0,T) 

\a\<2k 

where Cq is a universal constant which is independent of M, e and T. 

For < m < 2k, we define z„,(t) = EJ=o™ ll^f^^(^) : H'^'i^^- To prove fEl, it 
suffices to show 

(5.4) z^{t) < CMe{l + t)^oM2e2 for < m < 2k. 
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First we evaluate ZQ{t). For < p < 2k, from fl5.2p we get 

2k 

\dfF{du){t,x)\ <CMV(l + t)-^^|9,«9M(t,a;)|, 

SO that 

MF{du){t):L'm < CoM'e\l + t)-'zo{t). 

Therefore, noting that the boundary condition f ll.2p imphes dfu{t,x) = for {t,x) G 
[0, T) X dfl and < p < 2k + 1, we see from the energy inequahty for the wave equation 
that 

^{t)<CoM'e'{l + t)-ho{t), 

which yields 

(5.5) zo{t) <CMe{l + tf''^'''\ 

Next suppose m > 1. Then, from the definition of Zm, we have 

2/t-m 

zUt)<Cj2{\\dfdu{t):L'm+ Yl \\d?d:dMt):L\Q)\\ 

P=0 l<|a|<m 

l<\a\<m 
2k— m 

<C{zo{t) + Zm-i{t)+ J2 E \\d?d:u{t):L'm), 

p=0 2<|a|<m+l 

where we have used 

J2 \\d!d:dMt):L'm<c \\dr'd:'vMt):L\m 

For 2 < |a| < m + 1, 1^ yields 

<C(||A,afn(t):iJ"^-i(fi)|| + ||V.9fn(t):L2(fi)||). 

For < p < 2/c — m, we see that the second term on the right-hand side in the above is 
bounded by ^o(^)- On the other hand, by using (11.11) . the first term is estimated by 

C{\\df'-\{t):H"'~\n)\\ + \\dfF{du){t):H"'-\n)\\) 

< c(2„„i(t) + mV(i + tyh^^^it)) 

for < p < 2k — m. Since Me < 1, we obtain 

(5.6) Zm.{t) <C{z^_i{t)+zo{t)) 
for m > 1. Using (15. 5p . we find (15. 3p . 
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5.2. Estimates of the generalized energy, part 1. In this subsection we evaluate 
the generalized derivatives dZ^u in for 1 < |a| < 2fc — 1. It follows from (12. 7p 
that 

(5.7) ^ + |V. dx 

Z'^Fi{du)dtZ''uidx+ I {v ■V^Z''ui){dtZ''ui)dS, 

Jan 

where = z/(x) is the unit outer normal vector at x G dQ, and dS is the surface 
measure on dQ. Since dQ C Bi implies \dZ°'u{t,x)\ < C* ^i<|^|<|a| |'9'^c^M(t, a;)| for 
{t,x) e [0,T) X dQ, we see from the trace theorem that the second term on the right- 
hand side of (15. 7p is evaluated by 

C \\d^du{t):L\n)f <CM^e\l + ty^'^^''\ 

l<l/9|<|a|+l 

in view of (15. 3p . On the other hand, it follows that 

(5.8) \\Z''F{du){t):L\n)\\ <CiMV(1 + t)-i9M(t)|||„| 

for I a I < 2k — 1, where Ci is a constant independent of a, M, e, and T. 

Let (5 > be a sufficiently small number that is fixed later on, and take 5o > in 
such a way that CiM'^el + CoM'^el < 6. Then ioi < e < Eq, we get 

|||an(t)||^,_, < C'iMV(1 + t)-^||9n(t)||L_i + C'MV(1 + t)2^ 
which leads to 

(5.9) \\dum2k^i < CMe(l +t)^+(V2)^ t e [0,T). 

5.3. Estimates of the generalized energy, part 2. By (I3.23p and (15. 9 p we have 

(5.10) {xf'\du{t,x)\2k^s < CM£(l + t)^+(^/2)^ 
which yields 

mdum : iV2.-3(W^i,i)|| <C^MV(l+t)^+(i/2), 

by (I2.14P with u = 1/2. For a sufficiently small number 77, we set z/ = 1 — 77, in the 
following. Applying (14. 9p . we get 

|aa,«(t, x)U-8 < Cw,{t, x){e + MV(log(2 + t))\l + tY^^'/'^), 

because of the finite speed of propagation. When (t,x) G [0,T) x fii, by (I2.15P we have 

\ddMt,x)\2k-8 < CM£(1 +t)~'^+25+(l/2)^ 

because M > 1 and Me < 1. Using this inequality, (15. 3p . and (15. Sp . we arrive at 
|||a«(t)||^,_,<C'iMV(l + t)"i9«(t)||L_r + C^MV(l + t)-+3^+(V2)^ 
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which leads to 

(5.11) ||a«(t)||2fc_7<C'M£(l+t)-('^/2)+(3V2)+(3/4)^ te[0,T), 

provided < e < Eq. 

5.4. Estimates of the generalized energy, part 3. Repeating the argument in the 
previous step, we get 

\\F{du){t) : iV2fc_9(iyi,i)|| <CMV(l+t)-(^/2)+(35/2)+(3/4)_ 

Using (14.81) with p = 1/2, k = 1, and (14.91) with u = 1 — r], we obtain 

\dVu{t,x)\2k~u 

< Cu;i/2(t,x)(£ + MV(log(2 + t))2)(l +t)-('^/2)+(3'5/2)+(3/4) 
<CM£(l+t)-('^/2)+25+(l/4)^ 

\ddtu{t,x)\2k-u 

< Cw,{t, X){e + Mh%\0g{2 + t))2)(l + t)-W2)+(35/2)+(3/4) 
<CM£(l+t)-(3-/2)+2<5+(3/4) 

for {t,x) G [0,T) X Qi. Therefore, we get 
which yields 

(5.12) \\^uit)\\2k-^s<CMeil+t)-'+^'^\ te[0,T), 
provided < e < Eq. 

5.5. Estimates of the generalized energy, part 4. As before, we have 

(5.13) \\F{dum : iV2fc_i5(W^i,i)|| < C M' e%l + t)-"^''^', 
so that 

\dVu{t,x)U^20 < CM£(1 +t)"'^+35+(l/2)^ 

\ddMt, x)\2k-2o < CM£(1 + t)-2-+3m 
for (t, x) G [0,T) X Qi. Hence we get 

If we choose 6 so small that Su — 66 — (3/2) > 1, then we get ||i9u(t)||2fc-i9 < CMe{l + 
^■^CiM'^e^ for < £ < ^o- Taking T in such a way that 

(5.14) (2 + T)^^'^' < e, 
we have 

(5.15) \\du{t)\\2k-i9<CMe, te[0,T). 
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5.6. Pointwise estimates, part 2. By virtue of flS.lSp . we get 

\\F{du){t) : iV2fc_2i(l^i,i)|| <CMV. 
Let < p < 1/2. Tlien it follows from I^B) that 

\du{t, x)|2fc-25 < Cwp{t, x){e + M'eHog{2 + t)) 
for (t,x) G [0,T) X Q. Therefore, assuming f l5.14p . we get 

(5.16) \du{t,x)\2k-25<CMeWp{t,x) 
for (t, x) G [0, T) X fi, provided < e < Eq- 

5.7. Pointwise estimates, final part. For k = 1 + p, we get 

\\F{du){t) : N2k-25{Wi,,)\\<CMh^ 
by f l5.16p . Using (14. 8 p with p = 1/2 and k > 1, we have 

(5.17) \duit,x)\2k-29 < C2u;i/2(t,x)(£ + MVlog(2 + t)) 

for {t,x) G [0,T) X Q, provided < e < Eq. Here C2 is a constant independent of M, e 
and T. From fl^TTp we find that with M replaced by M/2 is true for M > 4C2 and 
C2M^£^ log(2+T) < 1/4, Then, for e G (0, Eq], the standard continuity argument implies 
that ek[u]{t) stays bounded as long as the solution u exists (observe that ||efc[M](t) : 
L°°(f2)|| is continuous with respect to t, because u is smooth and suppM(t, ■) C -Bt+R for 
t G [0,T) with some R> 0). Theorem 11.11 follows immediately from this a priori bound 
and a restriction on T. This completes the proof. □ 

Appendix A: Proof of Lemma [3TT] 

Suppose m > 2 and V? e H'^iQ) n H^{Q). Let x be a C^(R^) function such that 
X = 1 in a neighborhood of O. Let supp x C Br for some -R > 1. We set ipi = XV 
ip2 = {1- x)v5, so that Lp = Lpi + ip2. 

First we estimate ^pi. The following elliptic estimate (see Chapter 9 in [3] for instance) 

(Al) \\v:H''+\nR)\\ < C{\\^,w:H\nR)\\ + \\v:L\nR)\\) 

holds for V G H^^'^{VLr) fl Hl[VLp!) with a non- negative integer k. On the other hand, 
we have 

(A.2) \\v:L'^{SIr)\\ <C\\V^v:L'^{Sl)\\ 

for V G HI{VL). Indeed, one can show (1A.2P as follows. We define a positive number r{(jj) 
for each w G S*^ so that riu) u G Sfi, and put ro = dist (0, dQ). Then, for v G C^{Q) 
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we have 



{u ■ Vv){suj)ds 



< 



ds 



Wv{su)\ sds 



r 

<— \Vv{su)\'^sds 

for r{uj) < r < R, because r{u) > vq. Multiplying it by r and integrating the resulting 
inequality over Qr, we find f lA.2p . 

Since (p G H^^fl) and suppx C Br, we have ipi G Hq{Qr). Therefore, the application 
of (lA.ip in combination with (1A.2P gives 

(A.3) \\ipi:H"^in)\\ < C{\\A.,ip:H^~\n)\\ + WV.if-.L^mi)- 

Now our task is to show 
(A.4) \\d>2:L'iQ)\\ < Ci\\A,^:H"^-'m + \\V.v:L\Q)\\), 

\a\=m 

because it implies (13. ip in view of (lA.Sp . 

Since \\d"w: L\K'^)\\ < C\\A^w: L\R^)\\ for |a| = 2 and w G H\K'^), the left-hand 
side of (1A.4P with m = 2 is estimated by 

c||A,.<^2:^'(^^)ll < c{\\A^ip:L\n)\\ + \\v^^:L\n)\\ + y-.L^nM- 

Hence, using flA.2p . we obtain (]A.4p for m = 2. 
For k > 3, similar argument to the above gives 

J2 \\d:^2:L'm < C{\\A,^^:H'~'m + \\V^.^:H'-\n)\\), 

\a\=k 

and the second term on the right-hand side is bounded by C {^WA^ip : H^~^{Q)\\ + HV^v'- 
if we know (13.11) for m = k — 1. Hence we inductively obtain ( 1A.4P for m > 2. 

□ 



Appendix B: Basic estimates for the Cauchy problem 

Here we prove the basic estimates used in the proof of Lemma 13.51 In [13] , [I] , and 
[H], some weighted L°° estimates for derivatives of solutions to the Cauchy problem are 
well examined. However, we need their variants under different assumptions on the 
right-hand member. Although the proof of (]B.6P below can be done in a similar way as 
in the previous works, we give its proof, because the case where < < 1 has not been 
considered at all. 
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First of all, we introduce a couple of functions : 

K2{\,T;r,t) = (27r)~^{2rAr(l -r)(2- (1 - cos(^)r)}-i 



(y9(A; r, t) = arccos 



2rA 



\E'(A, r; r, t) = arccos[l — (1 — cosv9(A; r, t))r], 

i^f (A,^;r,t) = d^^LlM ^ 

27r(t2 — — A^ + 2rA cos 2 



(^=1,2). 



As for these functions, we shall use the following estimates. For the proof of (IB.ip . 
(1B.2I) . and (1B.4I) . see for instance Proposition 5.3 in [1]. Concerning (IB. 31) and (IB. 51) . 
see the proof of (4.14) and (4.34) in [S], respectively. 

Lemma B.2. We set A- = \t — s — r\ and = t — s + r. IfO < s < t and A_ < A < A-|_, 
then we have 



(B.l) 



Ki{X, ip;r,t- s)dip = 2 Ki^X, T]r,t- s)dT 
-tfi Jo 

-H{t -s-r) 



< ^log 

~ {rX)l 



2 + 



rX 



(A-A_)(A+ + A)' 



(B.2) 
(B.3) 



[' \dxK2{X,T; r,t-s)\dT< 
Jo 



C 



(rA)2(A + s + r -t)' 



\d,,^> ■K2{X,T-r,t-s)\dT 



< 



C 



+ 



(rA)Hv/(A+-A)(A-A_) v^A^ 



where H{s) = 1 for s > and H{s) = otherwise. 

On the other hand, ifO<s<t — r and < A < A_, then we have 



(B.4) 



(B.5) 



Ki{X, ip]r,t — s)dip 

C 

v/(A + A_)(A+^ 

(A,^;r,t-s)|#< 



< 



log 



2 + 



rX 



(A„-A)(A+ + A) 
C 



(A_-A)v/(A- + A)(A+-A) 



Now we are in a position to state our basic estimates for solutions to the Cauchy 
problem. 
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Proposition B.3. Let Q < v < 3/2, > 0, k > 1, and t] > 0. Then we have 

(B.6) \Lo[dt,,g]{x,t)\{l + |,x|)^(l + \t - \x\\r 

< C^i+^{t + \x\) + \x\)\\g{t) : Mi( 

(B.7) \Lo[dt,.g]{x,t)\{l + \x\)Hl + \t - 

<Clog(2 + t+|x|)||(7(t):Mi(zi,i;i)|| 

for (x, t) G X [0,T), where C depends on v, fi, k, and rj. 

Proof. We prove only ( IB. 61) . because the other can be treated analogously. In addition, 
we evaluate only the spatial derivatives, since the time derivative can be handled by 
using Proposition 5.3 in jl]. Besides, since the case where /i > is treated by modifying 
a little the argument for handling the case /i = 0, we let // = in the following. 
We set 

El = {{y, s) G X [0, t) : \y\ + s > t - r, \x - y\ < t - s}, 
E2 = {{y,s) eR^ x[0,t) : \y\+s<t-r}, 

so that E1UE2 = {{y,s) G R^x [0,t) : \x — y\ < t — s}. According to this decomposition, 
we define 

(B.8) PAg]{x,t) = ^ [[ -j=J^d===dyds (j = 1,2). 

JJe, V(t - s)2 -\x- y\^ 

Then we have Lo[deg]{x,t) = Pi[dig]{x,t) + P2[deg]{x,t) with i = 1,2. 

Firstly we deal with Pi[d£g]{x,t). Following the computation made in the section 4 
of [7], we find that 

5 

(B.9) \Pi[deg]ix,t)\ < \\g{t) : Mi{z,,,,o)\\J2 h, 

k=0 

where we have set 

f f \k 

Jl = // — — rdXds / Ki{\,ip;r,t — s)dip, 

J J Zu,k;0['^, S) J^^ 

h = I ^TT — zda I K2{\,T;r,t - s)dT, 

Jd'^ Zu,k;Q{-^, s) Jo 

/a = // — dXds I K2{X,T;r,t — s)dT, 

J Jd2 X2z^^^.q{X, s) Jo 

h = [[ ^TT — rdXds [ \dxK2iX,T]r,t - s)\dT, 

J J D2 Zu,Kfi[X, S) Jq 

h = II ^^^dXds I \{dx^ ■K2){X,T-r,t-s)\dT 



D2 



^V,K.fl{X, S) 
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and 

Di = {(A, s) e (0, oo) X (0, t) : A_ < A < A_ + (5 or A+ - 5 < A < A+}, 

D2 = {(A, s) e (0, 00) X (0, t) : A_ + (5 < A < A+ - S}, 

D'^ = {(A, s) G (0, cx)) X (0, t) : A = A_ + 5 or A = A+ - 5} 

with 6 = min{r, 1/2} and A_ = \t — s — r\, A+ = t — s + r. 
Now we are going to show that 

(B.IO) Ik < C(l +r)-5(l + |t_r|)--log(2 + t + r)^,(t + r) 

holds for k = 1, ... ,5. First we evaluate Ji. Notice that when < s < t — r and 
A > A+ — 5, we have A — A_ > r, so that 

rX 



" ' (A-A_)(A+ + A) 
For < s < t — r and A > A_, we get 

rA 



< log 3. 



(B.ll) 



log 



< log 



A 



A- A_ 



(A-A_)(A+ + A). 

Moreover, we note that z^^^.q{X,s) is equivalent to z^^^.q{Xj^., s) (resp. z^^i^-q{X^, s)) for 
A+ - 5 < A < A+ (resp. A_ < A < A_ + 6). Hence by fIB.ll) . we get 



t 




(B.12) 

where we have set 

^1,0 = 

Asfl = 
It is easy to see that 
(B.13) Ai,o < 



h < Cr-2 [^1,0 + ^2,0 + ^3,0], 
1 



(t-r)+ /.A_+5 ^ 



dXds, 







A_ Zu,k;q{X-, s) 



log 



2 + 



A- A_ 



dXds, 



A_+5 



{t-r)+Jx- Z^^K.o{X-,s) 

s 



dXds. 



{1 + t + ryJo (1 + A+)- 
< C6{l + t + ry<I/^{t + r). 
To evaluate ^2,0, observe that 



ds 



(B.14) 



A_+(5 



log 



2 + 



A 



A- A_ 

Indeed, the left-hand side is equal to 



dX < Cb^l'^ log(3 + A_). 



5 log 



A_+<5 



A_ 



3(A-A_) + A^ 



-dX, 



NONLINEAR WAVE EQUATIONS IN AN EXTERIOR DOMAIN IN 2D 



25 



which is bounded by the right-hand side, if we use < 5 < 1/2, and an inequahty 
logx| < 2e~^ for < X < 1. 
Since s + A_ > |t — r|, we get 

(B.15) A.o < r^f^ '^^^^ds 

^ ^ - ii + \t-r\yJo {i + x-r 

< C6'/'{l + \t~r\)-''{<I^,{t-r))'. 

We easily have 

(B.16) ^3,0 < C6{1 + \t- riy^^it + r). 

Summing up fiRTSD . f lRTSj) and (IRT6|) . we see from flRT2D that flRTOj) holds for A; = 1. 

In the following, we assume r > 1/2 so that 6 = 1/2, because D2 is the empty set 
when < r < 1/2. Since A = A_ + (1/2) or A = A+ - (1/2) for (A, s) e D^, we get 
(IB.lOp for k = 2 similarly to the previous argument. 

Next we evaluate Is. Note that A > 1/2 if (A, s) G D2 and that 



log 



rX 



< Clog(2 + A) 



(A-A_)(A+ + A). 
for < s < t and A > A_ + (1/2). Therefore we get from (IB.ip 

II \og{2 + \)d\ds ff log(2 + A)rfArfs 



,^J1 + A)z,,«;o(A, s) 77^J1 + s + A)-(l + A)i+« 
Since s + A > |t — t| for (A,s) G D2, the right-hand side is bounded by 

C ff log(2 + A)rfArfs ^ C(^«(t,r))2 



(1 + |t - r\y J Jo, (1 + A)i+'^ - (1 + |t - r\Y' 

Therefore, (IB.lOp holds for k = ?>. 

Next we evaluate J4. Since A + s + r - t > 1/2 for A > A_ + (1/2), we get from f lR2|l 

dXds 



r^h < C 
< C 



D2 2;i.,k;o(A, s)(A + s + r - t + 1) 

da r dp 



{a-t + r + l){l + aY (1 + a + /3)^ 



- (l + |t-r|)-y|,„,| («-t + r + l) 
< C(l + |t-r|)-''*,(t + r)log(2 + r), 

where we have changed the variables by 

(B.17) a = \ + s, p = X-s. 

Next we evaluate I5. It follows from fIB.Sp that 

<C(A5,o + 55,0 + ^5,0), 
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where we have set 

^5,0 = 

-85,0 = 

^5,0 = 



dXds 

D2 z„^K;oiX, s)\/t - s + r - A + IVA - t + s + r + l' 

dXds 

D2 z^,K-fl{X, s)yjt - s + r- A + lVA + t- s- r + l' 

d\ds 

D2 z„^K;oiX, s)a/A - t + s + r + ly/X + t- s- r + 1 



Changing the variables by (lB.17p . we have 



\t-r\ (1 + aY^t + r - a^/a-t + r 7„a (1 + « + PY 

da 



< C{l + \t-r\r 



It-r y/t + r - ay/a -t + r 
= C7r(l + |t-r|)-^^,(t + r). 

Moreover, we see that i?5_o is bounded by 

da r dp 



\t^r\ (1 + aY^Jt + r -a + l Jr^t (1 + a + - r + + 1 

By integrating by parts in the /3-integral, it is estimated by 

2(1 + 2a)(^/2)-« _^2k r {l + a + PY^^^^^'^dP <C{l + a + r- t)^^/^^-^, 

Jr-t 

if a > |r — t| and k > 1/2. Therefore we get 

for K, > 1. Similarly, one can show 

{l + \t-r\YC,,o<C^^{t + r). 

Thus we obtain f lB.10|) for all /c = 1, . . . , 5 in conclusion. 

Secondly we deal with P2[d£g]{x,t). First, suppose < t — r < 2. Switching to the 
polar coordinates as 

(B.18) a; = (r cos 6*, r sin 6*), y = A^ = (A cos(6' + V'), A sin(6' + ^z^)) 

in f IB.Sp with j = 2, we get 

pt—r pt-~s~r PIT 

P2[dig]{x,t) = / / Xdeg{X^,s)Ki{X,tlj;r,t- s)dHXds. 

Jo Jo J~TT 
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For < s < t - r, < A < A_, we have < A_ - A < 2, so that flB.4p yields 



(B.19) 



Ki{X, ip]r,t — s)dip < 



C 



< 



c 



yAv/fTTVA- - A 



log 
log 



A 



A_ - A 
A 

A_ - A 



Since A < A_ < 2, we get 



V7Tl\P2[deg]{x,t)\ 
< C\\g{t) : Mi(^,,,;o) 



1 



log 



A_ - A 



dXds. 



'0 ^0 \/A_ — A 

The last integral is bounded, because < t — r < 2. Hence we obtain 

(B.20) (1 + r)V2(i + \t- r\r\P2[deg]{x,t)\ < C\\g{t) : M,{z,,^,o)\\. 

In the following, suppose t — r > 2, so that t — r — 1 > {t — r)/2. We decompose 
P2[dig]{x,t) as 



P,[d,g]ix,t)=l- jj^ 



H{\ y\ >t-s-r-l)deg{y,s] 
y^it- s)2 - |x - 



dyds 



1 

+ 2^ 



H{\y\ <t- s-r -l)dig{y,s] 



<E2 v^(t - s)2 - |x - y|2 



dyds 



Since 0<A_ — A<1 for t — s — r — 1 <A<t — s — r, one can proceed as in the previous 
case and get 

y/^\Qi{x,t)\<C\\g{t) : Mi(z,,,;o)|| 

Jo J(t-s-r-l)+ 2;j,,k;o(-5, A)a/A_ - A 



Changing the variables by flB.17p . the last integral is estimated by 



C 



t-r 



da 



't-r-i {1 + aYit - r - a)2 
<C(l + |t-r|)--(vl>,(t-r))2. 

Thus we get 

(B.21) 



log(4 + « + /?)- log(t -r - a) 



d(3 



V^il + \t-r\y\Qi{x,t)\ 

<C\\g{t):M,{z,,,.,o)m4t-r)Y. 
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Finally, we deal with Q2{x,t). Making the integration by parts in y and switching to 
the polar coordinates as ( 1B.18I) . we get 

••t—r—l pt—s—r—l PTT 



(B.22) Q^{x,t)= I I I \g{\i,s)K'i\\,^]x,t- s)d'4)d\ds 

Jo Jo J-TT 

l*t—r—\ PIT 

Jo J~1T 



ft— r— 1 pn 

dipds. 

\=t-s-r-l 

We see from (1B.19P that the second term in the right-hand side of (1B.22P is evaluated 
by C\\g{t) : Mo(2,,«;o)||/Vr + 1 times 



t-r-l ^ 

log 



A 



A_-A 



ds 

X=t-s~r~l 



2i/,k;0(A,s)a/A_ - A 

< C(l + |t-r|)-'^(v[/,(t-r))2. 

Noting A+ — A>2r + 1 forA<t — s — r — l,we see from (IB.Sp that the first term in 
the right-hand side of ( ]B.22p is estimated by C\\g(t) : Mo(-Zi/,K;o)||/\/^n-T times 



< 



C-^-s)+ 2^,«;o(A,s)(A_ - A) Jq Jo 2^,^.o(A,s)(A„ - A)2 



c r*-"-^ da r dp 



{l + \t-r\Y Jt^ t-r-a J_^{l + a + (3Y 

c r'-^ da r dp 



{l + \t-r\)IJo (1 + (1 + tt + 

< C(l + |t - r|)-" log(2 + t-r) - r), 

because we have assumed u < 3/2. Thus we get 

(B.23) V^^{l + \t-r\y\Q2{x,t)\ 

< C\\g{t) : Mo(z.,«;o)|| log(2 + t - r) ^^{t - r). 

Now, dHj]) follows from (IR9]), (iRTOj) . (iRMj) . (Ib:2T|) and flB:23|) . This completes the 
proof of Proposition B.2. □ 
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